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1.0 INTRODUCTION 

In recent years there has been increasing interest in 
multiple-impulse deboosts into lunar parking orbit. This sub- 
ject has been explored in two prior Ballcomm studies, both 
concerning themselves with two-impulse deboosts. 

The first investigation, by P. Gunther (Reference l), was 
an analytical optimization study which permitted changing the 
orientation and the dynamic properties of the approach hyper- 
bola at the moon's sphere of influence, coasting on the new 
trajectory until intersection with the desired lunar parking 
orbit, and then making a one-impulse deboost into this parking 
orbit. This attractive model has not been applied to target- 
ing in the Apollo program. 

The second study, by J. S. Dudek (References 2, 3), 
treated a model much more restrictive than Gurither's, in that 
the intermediate trajectory is forced to be circular and of' 
the same radius as the desired parking orbit. Optimized para- 
metrically, this model dees increase the area of the lunar 
surface which is accessible over that accessible through the 
use of only a single-impulse deboost. 

In the present study, Dudek's model is treated analyti- 
cally,* allowing more insight into the mechanics of the problem, 
The analysis is presented in Section 2.0. Furthermore, the 
analytic model has been built into the Ballcomm Apollo Simula- 
tion Program (BCMASP), making it possible to simulate in the 

*It must be mentioned that Dudek placed or1 his model a 
restriction which is not rnade in this paper, namely, that 
the coast arc in the intermediate circular orbit be ninety 
degrees. A result of the present study is that the coast 
arc is actually variable from mission to mission. 
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p a t c h e d  c o n i c  domain t h o s e  l u n a r  m i s s i o n s  which d e b o o s t  w i t h  two 
i m p u l s e s  i n t o  l u n a r  o r b i t  from f r e e - r e t u r n  h y p e r b o l a s .  The 
m o d i f i e d  v e r s l - o n  o f  BCMASP, c a l l e d  DBST, i s  d e s c r i b e d  i n  d e t a i l  
i n  a companion memorandum t o  b e  p u b l i s h e d  s o o n .  

The two-impulse model i s  p u t  i n t o  p e r s p e c t i v e  as  a p o s s i b l e  
s t r a t e g y  for Apol lo  i n  S e c t i o n  3 . 0 .  I t  s h o u l d  be no t?d  t l iat  t h e  
r e s u l t s  o f  t h i s  s e c t i o n  are p r o v i d e d  p r i m a r i l y  t o  i l l u s t r a t e  and 
v e r i f y  t h e  a n a l y s i s  and i m p l e m e n t a t i o n  o f  t h e  two-impulse model .  
Beyond t h i s  t h e  r e s u l t s  m u s t  b e  regarded as o n l y  i n d i c a t i v e  o f  
what one  might  e x p e c t  from a comprehens ive  s t u d y  employing t h e  
two-impulse s t r a t e g y .  

A s  a f i n a l  n o t e ,  t h e  e x p r 2 s s i o n s  "two-burn model" and 
"two-burn d e b o o s t "  w i l l  a p p e a r  f r e q u e n t l y  i n  t h e  t e x t .  T h e y  
s h o u l d  a lways  be  regarded a s  r e f e r r i n g  t o  t h e  a n a l y t i c  model 
d e s c r i b e d  above  ( w i t h  no r e s t r i c t i o n  on t h e  c o a s t  a r c ) .  
S i m i l a r  e x p r e s s i o n s  u s i n g  "one-burn" w i l l  r e f e r  t o  Apollo's 
p r e s e n t  mode of  d e b o o s t i n g  i n t o  iui-iai- pai-liiiig u i i ' u i t .  
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2 . 0  THE TWO-BURN DELTA VELOCITY 

I f  a c e r t a i n  v e l o c i t y  i n c r e m e n t  i s  r e a  i i r e d  i n  a manei 
i t s  magnitude may b e  e x p r e s s e d  as a n  e q u i v a l e n t  f u e l  weight  

e r  Y 

re -  
q u i r e m e n t .  S i n c e  v e l o c i t y  changes  a re  c l o s e r  t o  t h e  k i n e m a t i c s  
of a problem t h a n  a re  f u e l  w e i g h t s ,  one o r d i n a r i l y  computes t h e  
magni tude  o f  t h e  v e l o c i t y  i n c r e m e n t ,  c a l l i n g  t h i s  t h e  c h a r a c t e r -  
i s t i c  d e l t a  v e l o c i t y  of t h e  maneuver.  For  a sequence  o f  maneu- 
v e r s  i n  which t h e r e  i s  no v e h i c l e  s t a g i n g ,  t h e  t o t a l  d e l t a  
v e l o c i t y  r e q u i r e m e n t  i s  t h e  sum of  t h e  d e l t a  v e l o c i t i e s  a t  e a c h  
maneuver.  

The d e l t a  v e l o c i t y  w i l l  be  computed f o r  a sequence  o f  two 
i m p u l s i v e  maneuvers ,  t h e  f i r s t  of which c a r r i e s  a mass from a n  
a r b i t r a r y  h y p e r b o l a *  t o  a n  i n t e r m e d i a t e  c i r c u l a r  o r b i t  a b o u t  
t h e  a t t r a c t i n g  body,  and t h e  second  o f  which c a r r i e s  t h e  mass 
f rom t h i s  o r b i t  t o  a f i n a l  c i r c u l a r  o r b i t  o f  e q u a l  r a d i u s .  The 
n e t  e f f e c t  may b e  d e s c r i b e d  as a two-burn maneuver ,  s i n c e  i n  
p r a c t i c e  a r o c k e t  must be i g n i t e d  a t  e a c h  o f  t h e  two o r b i t  
t r a n s f e r s .  I f  the o r i e n t a t i o n  of  t h e  f i n a l  c i r c u l a r  o r b i t  i s  
s p e c i f i e d ,  t h e n  a l l  g e o m e t r i c a l  p r o p e r t i e s  can  b e  measured 
r e l a t i v e  . t o  i t s  p l a n e .  T h i s  w i l l  b e  done i n  what f o l l o w s .  

I n  a d d i t i o n  t o  computing t h e  two-burn d e l t a  v e l o c i t y ,  i t s  
o p t i m i z a t i o n  w i l l  a l s o  be i n v e s t i g a t e d ,  i n  o r d e r  t o  de te rmi-ne  
when t h e  optimum two-burn d e b o o s t  r e d u c e s  t o  t h e  one b u r n  c a s e .  

It  s h o u l d  b e  bo rne  i n  mind t h a t  b e c a u s e  t h e y  deal  o n l y  
w i t h  v e l o c i t y  magn i tudes ,  the  p r i n c i p a l  r e s u l t s  o f  t h i s  s e c t i o n  
a p p l y  as w e l l  t o  t h e  i n v e r s e  problem,  which i s  a two-burn b o o s t  
o u t  o f  a n  i n i t i a l  c i r c u l a r  o r b i t .  

2 . 1  Geometrv 

L e t  t h e  i n c l i n a t i o n  o f  t h e  p l a n e  of  t h e  h y p e r b o l a  be  c a l l e d  
P .  P i s  a l s o  t h e  i n c l u d e d  a n g l e  between t h e  a n g u l a r  momentum 
v e c t o r s  o f  t h e  o r b i t  and t h e  h y p e r b o l i c  o r b i t .  It may r a n g e  
be tween 0' and 180". 

To s p e c i f y  t h e  o r i e n t a t i o n  o f  t h e  h y p e r b o l a  i n  i t s  p l a n e ,  
one  must s p e c i f y  F ,  t h e  t r u e  anomaly o f  t h e  node l i n e .  Thi.s i s  
a s i g n e d  q u a n t i t y ,  and t h e  s i g n  c o n v e n t i o n  i s  e s t a b l i s h e d  by  
f i x i n g  t h e  d i r e c t i o n  of i n c r e a s i n g  t r u e  anomaly as t h e  d i r e c t i o n  

*To have  i m p u l s i v e  maneuvers ,  t h e  h y p e r b o l a  o b v i o u s l y  must 
have  a p e r i c e n t e r  d i s t a n c e  which i s  l ess  t h a n  or e q u a l  t o  
t h e  c i r c l e ' s  r a d i u s .  T h i s  c o n d i t i o n  i s  assumed f o r  t h i s  
p a p e r .  Beyond t h i s ,  however,  t h e  h y p e r b o l a ' s  dynamic and  
o r i e n t a t i o n  p a r a m e t e r s  may be  a r b i t r a r y .  
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of motion a l o n g  t h e  h y p e r b o l a .  Thus F i s  p o s i t i v e  i f  t h e  node 
l i n e  i s  c r o s s e d  a f t e r  p e r i c e n t e r  and n e g a t i v e  i f  t h e  node l i n e  
i s  c r o s s e d  b e f o r e  p e r i c e n t e r .  Without  loss o f  g e n e r a l i t y  t h e  
d i s t i n c t i o n  between a s c e n d i n g  and d e s c e n d i n g  node may b e  i g n o r e d ,  
a l l o w i n g  F t o  be measured i n  such  a way t h a t  ( F I  - < g o o .  

Suppose t h e  f i n a l  c i r c u l a r  o r b i t  has a r a d i u s  R c .  

h y p e r b o l a ' s  p e r i c e n t e r  i s  a d i s t a n c e  R f rom t h e  a t t r a c t i v e  
c e n t e r  t h e n  t h e  maneuvering s e q u e n c e  r e q u i r e s  t h e  c o n d i t i o n  
Rp f R c .  I f  R Rc  t h e r e  w i l l  b e  j u s t  two p o i n t s  on t h e  hyper -  
b o l a  a t  which t r a n s f e r  t o  t h e  i n t e r m e d i a t e  c i r c u l a r  o r b i t  can  be 
e f f e c t e d .  Deno t ing  t h e  t r u e  anomaly o f  one o f  t h e s e  p o i n t s  by  
@ ,  i t  can  b e  shown f o r  a h y p e r b o l i c  t r a j e c t o r y *  t h a t  

I f  t h e  

P 

P 

P/Rc - 1 

P/Rp - 1 3 
cos$  = 

where p ,  t h e  p a r a m e t e r  of the h y p e r b o l a ,  may b e  w r i t t e n *  

p = 2R (3-t 1) 
P GM 

(2.1) 

( 2 . 2 )  

E i s  t h e  h y p e r b o l i c  e n e r g y ,  and G M  i s  the  g r a v i t a t i o n a l  c o n s t a n t  
times t h e  mass of  t h e  a t t r a c t i n g  body. S i n c e  t he  c o s i n e  func-  
t i o n  i s  e v e n ,  Cp has a n  ambigous s i g n :  

- $ = D a r c c o s  

i-1 if t r a n s f e r  i s  a f t e r  p e r i c e n t e r  
D = (  -1 if t r a n s f e r  i s  b e f o r e  p e r i c e n t e r .  

With t h i s  d e f i n i t i o n  of  D ,  F and Cp have  t h e  same s i g n  c o n v e n t i o n .  
The extremum v a l u e s  o f  $ a r e  - + 180'. 

*See Appendix I .  
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F u r t h e r  q u a n t i t i e s  which must be d e f i n e d  are  N = F - 4 ,  
t h e  ( s i g n e d )  a n g l e *  from t h e  f i r s t  t r a n s f e r  p o i n t  t o  t h e  node 
l i n e  ; T1, t h e  ( s i g n e d )  a n g l e  between t h e  p l a n e s  o f  t h e  hyper -  
b o l a  and t h e  i n t e r m e d i a t e  c i r c l e ;  and T 2 ,  t h e  a n g l e  between t h e  

p l a n e s  of  t h e  i n t e r m e d i a t e  and f i n a l  c i r c l e s .  T, i s  c o n s i d e r e d  

1 

I 

p o s i t i v e  i f ‘  $I x SH i s  p a r a l l e l  t o  t h e  r a d i u s  v e c t o r  t o  t h e  
~ 

-P 
~. 

t r a n s f e r  p o i n t ,  where VI i s  t h e  v e l o c i t y  on t h e  i n t e r m e d i a t e  
c i r c l e  and SH i s  t h e  h o r i z o n t a l  component o f  t h e  h y p e r b o l i c  
v e l o c i t y .  T1 i s  chosen  s o  as t o  l i e  i n  t h e  r a n g e  
- 1800 < T~ - < 1 8 0 0 .  

These  g e o m e t r i c a l  q u a n t i t i e s  are shown w i t h  p o s i t i v e  s e n s e s  
i n  a t h r e e  d i m e n s i o n a l  drawing i n  F i g u r e  2 . 1  and i n  a s p h e r i c a l  
p r o j e c t i o n  i n  F i g u r e  2 . 2 .  Also  shown a re  C ,  t h e  a n g l e  between 
t h e  two t r a n s f e r  p o i n t s ,  and N 2 ,  t h e  a n g l e  be tween t h e  node and 
t h e  second t r a n s f e r  p o i n t .  

Wi th  t h e  geometry e s t a b l i s h e d ,  t h e  t o t a l  two-burn d e l t a ,  
AV2B i s  t h e  sum o f  t h e  v e l o c i t y ,  AV2B, may now be computed. 

d e l t a  v e l o c i t i e s  a t  t h e  f i r s t  and second t r a n s f e r s .  

2 . 2  Delta V e l o c i t v  a t  t h e  Second Burn 

It i s  d e s i r e d  t o  compute AV2 = where A$* i s  the 

d e l t a  v e l o c i t y  v e c t o r  which takes  t h e  mass from t h e  i n t e r m e d i a t e  
c i r c u l a r  o r b i t ,  wi . th  v e l o c i t y  SI, 
t o  t h e  f i n a l  c i r c u l a r  o r b i t ,  w i t h  

v e l o c i t y  G f .  The v e c t o r  a d d i t i o n  
i s  i l l u s t r a t e d  a t  t h e  r i g h t .  
N o t i c e  t h a t  b o t h  Gi and Gf a re  
p e r p e n d i c u l a r  t o  t h e  r a d i u s  
v e c t o r  t o  Z ,  t h e  second  t r a n s -  
f e r  p o i n t .  S i n c e  lSil = l ? f l  : vC,  

2 

L 

2 avL = 2~ s i n  -$- = 2vC7/ 
C (1.4) 

*The s i g n  c o n v e n t i o n  i s  t h e  same as for 1 4 ’ .  
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Using t h e  s p h e r i c a l  t r i g o n o m e t r i c  " c o s i n e  law f o r  a n g l e s "  o n  
t h e  s p h e r i c a l  t r i a n g l e  below, X 

cos  T2 = c o s  T1 cos(n-P)  + s i n  TI srin(lr-P) c o s  MI 

= c o s  T1 cos P + s i n  T1 s i n  P c o s  N1 

T h i s  r e s u l t  also h o l d s  i f  X ,  t h e  f i r s t  t r a n s f e r  p o i n t ,  i s  below 
t h e  r e f e r e n c e  p l a n e .  Hence, f o r  t h e  g e n e r a l  c a s e ,  

__--- -___---. 

aV2  = ,@fJ 41 - cos T c o s  P - s i n  TI s i n  P c o s  N1' 
C 1 

I n s e r t i n g  , 

Av2 

vc = #  
C 

g i v e s  

1 c cs  P- s i n T  s i n P  cos  

( 2 . 5 )  
i n  which D i s  d e f i n e d  i n  Equa t ion  ( 2 . 3 ) .  

2 . 3  - Delta  V e l o c i t y  a t  t h e  F i r s t  Burn 

The computa t ion  of AV1 = t h e  d e l t a  v e l o c i t y  which 
t a k e s  t h e  mass from t h e  h y p e r b o l a  t o  t h e  i n t e r m e d i a t e  c i r c l e ,  
i s  more c o m p l i c a t e d ,  s i n c e  t h e  v e c t o r  i n c r e m e n t  AS 

(i) r e d u c e  t h e  f l i g h t  p a t h  a n g l e  t o  z e r o  

must 1 

(ii) 

(iii) 

o b t a i n  c i r c u l a r  v e l o c i t y  { QC I 
f i n a l l y ,  yaw th rough  an a n g l e  TI t o  o b t a i n  t h e  i n t e r -  
mediate c i r c u l a r  v e l o c i t y  $ . i 
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T h i s  may b e  a c h i e v e d  by (1) removing t h e  e n t i r e  r a d i a l  component,  
f of t h e  h y p e r b o l i c  v e l o c i t y ;  ( ii) a d d i n g  t o  t h e  h o r i z o n t a l  
component,  fH, o f  t h e  h y p e r b o l i c  v e l o c i t y  a n  i n c r e m e n t  
A f H  = -qH t sc; and (iii) add ing  t o  t h e  i n s t a n t a n e o u s  c i r c u l a r  

v e l o c i t y  an ou t -o f -p l ane  inc remen t  AQc o f  magni tude  2Vc s i n  - 2 
These  v e c t o r  i n c r e m e n t s  a r e  i l l u s t r a t e d  i n  F i g u r e  2 . 3 .  Thus 
t h e  n e t  i nc remen t  i s  

RH ' 

T1 

Afl = Adc + AdH - f RH 

I n  t h i s  f o r m u l a ,  t h e  f irst  two v e c t o r s  a re  p e r p e n d i c u l a r  
-k 

t o  itc, and VEH i s  p a r a l l e l  t o  i t .  
fi 
(compare w i t h  F i g u r e  2.3), for 
which i t  i s  r e a d i l y  shown t h a t  

y = ( n  t T1). Using t h i s  and 
t h e  c o s i n e  law f o r  p l a n e  t r i a n g l e s  
g i v e s  

Looking a n t i - p a r a l l e l  t o  
w e  see t h e  v e c t o r s  a t  t h e  r i g h t  

C 

1 

1 

t ATHI = t AVH 2 - 2AVc AVH c o s  y 
1 

t AVH 2 t 2AVc AVH s i .n  - 

-+ 
S i n c e  $RH i s  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  A q c  and AVH, i t  i s  
a l s o  p e r p e n d i c u l a r  t o  AVc t A$H, s o  w e  may u s e  P y t h a g o r a s '  

-+ 

t heo rem t o  o b t a i n  AV1: 

2 2 2 = VRH t AV C t AVeH t 2AVc AVeH sin(;) 

The e x p r e s s i o n  f o r  VRH, AVc, and AVH w i l l  now be  computed.  



PLANE OF 
.-L I NTERMED I ATE 
RC CIRCULAR ORBIT 

HYPERBOLA PLANE 

TRANSFERRING FROM THE HYPERBOLA (VELOCITY V H )  TO THE INTERMEDIATE 
CIRCULAR ORBIT (VELOCITY VI )  MAY BE VIEWED AS CONSISTING OF THREE, 
SIMULTANEOUS STEPS: 

(I) REMOVE FLIGHT PATH ANGLE OF HYPERBOLIC TRAJECTORY (-TRH) 
( I I ) 

( I  I I )  

OBTA IN INSTANTANEOUS C I RCULAR VELOC I TY 6 I N  HYPERBOLA 
PLANE (AV,)) 
Y A W T  THROUGH ANG E T r T O  OBTAIN THE INTERMEDIATE 

THE TOTAL DELTA VELOCITY REQU IRED IS: 
C I R C U ~ A R  VELOCITY -k I ( A V ~ ) .  

A 3, = O V R H  t GH t fi, 

FIGURE 2.3 - VELOCITY VECTOR DIAGRAM AT POINT OF FIRST TRANSFER 

- 9 -  
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It c a n  b e  shown t h a t  

2 2ERc 

'RH 

A t  t h e  b e g i n n i n g  o f  t h i s  s e c t i o n  i t  was p o i n t e d  o u t  t h a t  

T1 Vc = 2V s i n  - , 
C 2 

-+ + 
and  at. t h e  same t i m e  i t  was s t a t ed  t h a t  AgH = -VH t V c .  

VeH a n d  Qc are p a r a l l e l ,  t h e n  l A V H l  = VH - V c .  
-b -+ But* 

S i n c e  

whence 

= vc[& 1) . 
AvH C 

2 Making t h e  n e c e s s a r y  s u b s t i t u t i o n s  i n t o  AV1 y i e l d s  t h e  r e s u l t  

2ERc 
Avl 2 = vc ' [  3 -I- - GM - 2K cos T1) . 

F i n a l l y ,  combining  Avl and  A V 2 ,  t h e  two-burn d e l t a  velo- 
c i t y  becomes 

cosP- s inT  s i n P  cos  1 

*See Appendix I .  
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where D i s  d e f i n e d  t o  be 

+1 i f  t h e  f i r s t  b u r n  i s  a f t e r  p e r i c e n t e r  
D = {  -1 i f  t h e  f i r s t  b u r n  i s  b e f o r e  p e r i c e n t e r .  

2 . 4  O p t i m i z a t i o n  o f  t h e  Two-Burn Del ta  V e l o c i t y  

It  i s  o f  g r e a t  i n t e r e s t  t o  d e t e r m i n e  what  s e t  o f  p a r a m e t e r  
C lose  s c r u t i n y  o f  E q u a t i o n s  ( 2 . 6 )  a n d  2B' v a l u e s  min imizes  AV 

( 2 . 2 )  shows t h a t  a n  e f f o r t  t o  make d e f i n i t e  s t a t e m e n t s  a b o u t  
t h e  o v e r a l l  o p t i m i z a t i o n  o f  AV2B i s  p r o b a b l y  f u t i l e ,  due  t o  t h e  

c o m p l i c a t e d ,  n o n - l i n e a r  r e l a t i o n s  be tween t h e  p a r a m e t e r s ,  which  
are o b s e r v e d  t o  be E,  R c ,  P ,  F ,  T1 and  R . *  
see what may b e  s a i d  w i t h  p a r t i c u l a r  a p p l i c a t i o n s  i n  mind.  
T h e r e f o r e ,  a s p e c i a l i z e d  c o n t e x t ,  t h a t  o f  f r e e - r e t u r n  A p o l l o  
m i s s i o n s  w i t h  two-burn d e b o o s t s  i n t o  l u n a r  o r b i t ,  w i l l  now be  
assumed.  

One must i n s t e a d  
P 

I n  t h i s  c o n t e x t ,  t h e  on ly  p a r a m e t e r  which becomes a f i x e d  
number i s  the l u n a r  p a r k i n g  o r b i t  r a d i u s ,  R c .  

by  program s p e c i f i c a t i o n s .  I n  a d d i t i o n ,  t h e  f r e e - r e t u r n  con- 
s t r a i n t  has t h e  e f f e c t  of r e s t r i c t i n g  b o t h  P and F. t o  d e f i n i t e  
b u t  unknown r a n g e s .  Not knowinq how t o  compute t h e s e  r a n g e s ,  
b o t h  P and  E w i l l  b e  r e g a r d e d  as g i v e n  a n t i c i p a t i n g  t h a t  t h e i r  
optimum v a l u e s  w i l l  b e  p r o v i d e d  by t h e  o u t e r  i t e r a t i o n  l o o p s  
o f  a t r a j e c t o r y  t a r g e t i n g  scheme. F i n a l l y ,  t h e  a n g l e  F w i l l  
be removed from t h e  l i s t  of f r e e  parameters,  b e c a u s e  i t  i s  
d e t e r m i n e d  by  P ,  R and  t h e  h y p e r b o l a ' s  v e l o c i t y  v e c t o r  a t  
i n f i n i t y .  The l a t t e r  q u a n t i t y  w i l l  a l s o  b e  p roduced  by  t h e  
t a r g e t i n g  scheme.  

T h i s  i s  f i x e d  

P '  

An a c c o u n t i n g  shows t h a t  i n  t h i s  c o n t e x t  t h e  r e m a i n i n g  
f ree  parameters are  t h e  q u a n t i t i e s  T1 and  R . 
mize  A V 2 B , d e r i v a t i v e s  w i l l  b e  t a k e n  w i t h  r e s p e c t  t o  T1 and  R 
s e t  e q u a l  t o  z e r o ,  and  t h e  r e s u l t i n g  e q u a t i o n s  s o l v e d  s i m u l -  
t a n e o u s l y .  

Thus ,  t o  o p t i -  
P 

P '  

- 
*The q u a n t i t y  D has been o m i t t e d  from t h e  l i s t  o f  a r g u -  
ments  b e c a u s e  i t s  optimum v a l u e  i s  r e a d i l y  d e t e r m i n e d  
once  F i s  g i v e n .  Under no rma l  c o n d i t i o n s ,  as e x p l a i n e d  
i n  Appendix 11, one  s h o u l d  t a k e  D = s i g n ( F ) .  It w i l l  b e  
assumed i n  t h e  f o l l o w i n g  t h a t  t h i s  c h o i c e  has b e e n  made. 
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The d i f f e r e n t i a t i o n  by T1 i s  e x t r e m e l y  i n v o l v e d  and i s  
t h e r e f o r e  p r e s e n t e d  a s  Appendix 11. The s i m p l i f i e d  r e s u l t  i s  
a s i x t h  d e g r e e  polynominal  i n  t a n  T (see E q u a t i o n  ( I I . l O ) ,  

on F i g u r e  1 1 . 4 ,  Appendix 11). I f  one i s  g i v e n  R t h i s  po ly -  
nominal  may be s o l v e d  by  numer i ca l  methods.  

1 

p '  

The n u m e r i c a l  s o l u t i o n s  a r e  n o t  a lways d e p e n d a b l e ,  how- 
e v e r ,  b e c a u s e  for R 
po lynomina l  becomes i l l - c o n d i t i o n e d .  I n  an  o p e r a t i o n a l  s e n s e  
t h i s  means t h a t  some r o o t s  a r e  s o  n e a r l y  d e g e n e r a t e  t h a t  t h e y  
c a n n o t  b e  r e s o l v e d  w i t h  a c c e p t a b l e  p r e c i s i o n .  I t  a l s o  means 
t h a t  obv ious  t r a n s f o r m a t i o n s  and a p p r o x i m a t i o n s  i n  small  
q u a n t i t i e s  f a i l  t o  produce  a c c e p t a b l y  p r e c i s e  r o o t s .  

such  t h a t  N1 l s  small (N1 6 O.lo), t h e  
P 

I n  t h e s e  n e a r l y  d e g e n e r a t e  c a s e s  one i s  t h e r e f o r e  r e d u c e d  

A s  shown i n  t h e  next  s e c t i o n ,  t h e  optimum TI i s  o n l y  
T h i s  f a c t  p r o v i d e s  a 

t o  i t e r a t i n g  AV2B as a f u n c t i o n  of TI i n  o r d e r  to o b t a i n  t h e  
minimum. 
s l i g h t l y  l ess  t h a n  P ,  f o r  NI v e r y  small .  
v e r y  good s t a r t i n g  p o i n t  f o r  t h e  i t e r a t i o n ,  p r o d u c i n g  r a p i d  
conve rgence .  
s o l v e s  t h e  T1 polynominal  and i n s i d e  t ha t  reg i -on  i t e r a t e s  on 
Tl ,  e x c e l l e n t  s o l u t i o n s  can  b e  o b t a i n e d  for a l l  v a l u e s  o f  N1. 

Thus,  i f  o u t s i d e  the r e g i o n  o f  small Nl one 

- 

The d e r i v a t i v e  o f  AV2B b y  Rp  i s  much more c o m p l i c a t e d  
t h a n  t h e  d e r i v a t i v e  b y  T1; it a p p e a r s  t o  lead t o  a t w e l f t h  

d e g r e e  po lynomina l .  S i n c e  t h e  two po lynomina l s  i n  T arid H 
would have t o  b e  s o l v e d  i t e r a t i v e l y  t o  f i n d  t h e  o n t i m u m  n o j n t ,  
t h e  p o s s i b i l i t y  of i t e r a t i n g  w i t h o u t  d o i n g  t h e  R 

i s  a t t r a c t i v e .  T h i s  approach  h a s  been  found t o  b e  s u c c e s s f u l ,  
b e c a u s e  T i s  o n l y  weakly dependent  on R . The i t e r a t i o n  
scheme a d o p t e d  i s :  

1 P 

P 

1 P 

( i)  Choose R = Rc i n i t i a l l y .  
P 

(ii) For t h i s  R compute t h e  optimum TI .  
P 

( iii) I n  AV2B i n s e r t  t h e  optimum T1 and i n c r e m e n t  R 
u n t i l  a minimiz ing  v a l u e  i s  found.  

P 

1 ( i v )  R e t u r n  t o  s t e p  ( i i )  and c o n t i n u e  l o o p i n g  u n t i l  T 
and R s t a b i l i z e .  

P 
I n  p r a c t i c e  t h e  i t e r a t i o n  loop  needs  t o  be  e x e c u t e d  o n l y  
tw ice .  
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It may b e  obse rved  t h a t  v a r y i n g  R i s  e q u i v a l e n t  t o  va ry -  
P 

i n g  N1, t h e  a n g l e  between t h e  f i r s t  b u r n  p o i n t  and  t h e  node 
l i n e .  It i s  i m p o r t a n t  t o  keep t h i s  i n  mind when c o n s i d e r i n g  
t h e  geometry of t h e  two-burn model.  

2 . 5  -- Reduct ion  t o  t h e  One-Burn Case 

Because  t he  geometry of t h e  two-burn problem c o n t a i n s  t h e  
one-burn geometry as a s u b s e t ,  one s h o u l d  d e t e r m i n e  when t h e  
optimum two-burn maneuver w i l l  have i n  f a c t  on ly  one b u r n .  It 
w i l l  be shown i n  t h i s  s e c t i o n  t h a t  i f  t h e  o p t i m i z a t i o n  o f  t h e  
two-burn geometry p roduces  N1 = 0 ( t h e  c o n d i t i o n  f o r  t h e  

approach  h y p e r b o l a  t o  i n t e r c e p t  t h e  p a r k i n g  o r b i t )  t h e n  t h e  
optl.mum two-burn d e b o o s t  need n o t  d e g e n e r a t e  t o  a one-burn 
d e b o o s t ,  c o n t r a r y  t o  o n e ' s  e x p e c t a t i o n s .  S t a t e d  d i f f e r e n t l y ,  
if t h e  c o n s t r a i n t  N1 = 0 i s  imposed on t h e  d e b o o s t  geomet ry ,  
t h e n  a one-burn d e b o o s t  Is iiot n e c e s s a r i l y  optimum. 

The two-burn problem o b v i o u s l y  c a n n o t  d e g e n e r a t e  u n l e s s  
t h e  f irst  burn  o c c u r s  at  t h e  node l i n e .  T h i s  r e q u i r e s  t h a t  
R be  a d j u s t e d  s u c h  t h a t  N1 i s  z e r o ,  or 

P 

N1= P - D a r c c o s  

I n s e r t i n g  t h i s  i n t o  Equat ion  ( 2 . 6 )  and r e c o g n i z i n g  t ha t  
i s  t h e  c i r c u l a r  v e l o c i t y  Vc p r o d u c e s  c 

( 2 . 8 )  

Observe  t h a t  i f  t h i s  i s  t o  produce  t h e  one-burn c a s e ,  t h e n  t h e  
e n t i r e  p l a n e  change must be made a t  t h e  f i r s t  b u r n ,  or TI = P .  

Making t h i s  s u b s t i t u t i o n  y i e l d s  a fo rmula  f o r  t h e  one-burn 
d e l t a  v e l o c i t y :  
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= mc (3 t 
C 

“1B (2.9) 

Now consider Equation ( 2 . 8 ) ,  which describes a two-burn 
deboost in the neighborhood of the one-burn solution. To do 
this, l e t  T be less than P by some amount e :  1 
A s  a function of 8, then 

T1 = P - e . *  

t (1 t COS e) 119. (2. lo) 

I n  order to introduce Equation (2.9) to this formula, add arid 
subtract dp/Rc cos P to t h e  cos(P - 0 )  term of Equation (2.10), 
getting 

t k? sin 8 / 2  . 1 
The trigonometric identities 

X + Y  - 
cos x - cos  y = -2 sin( 1 sin(x Y) 

(2.11) 

*On physical grounds it is obvious that 6 < 0 need not be 
considered, since this would mean T1 = P t 1 0 1 .  ‘Phe two- 
burn deboost can never be optimum in this case, because 
too much plane change would be made at the first burn, 
requiring the excess to be removed at the second burn. 
For the same reason 0 > P need not be considered. T h u s ,  
the interesting values of T1 lie in the range 0 to P. 
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X J1 - cos x' = JT sin - 2 

have been used to obtain this expression. 

Let 8 approach an infinitesimal value E .  The aim is to 
expand AV2B(~) and keep only first order terms in E .  In the 
limit, the second term in t h e  square root in Equation (2.11) 
becomes tiny, and only the first two terms of a binominal ex- 
pansion of the radical need b e  used. This results in 

E + 42' s i n  7 . (2.12) 

Expandine the sine functions and keeping only the terms o f  first 
order in E gives 

Inserting typical Apollo values f o r  E, R and R e ,  and using 
Equation (2.9) f o r  bVIB, the bracketed factor is found to be 
positive only f o r  P in the range 18" to 107". This implies 
two results: 

P' 

2 "1B if (0"  - < P < 18") o r  

(107" < P - < 1800) , 

the equalities holding for E = 0 .  
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The f i r s t  r e s u l t  s a y s  t h a t  i f  Idl = 0 and P l i e s  i n  t h e  

r a n g e *  180 t o  lO7", t h e n  t h e  two-burn d e b o o s t  w i t h  TI s l i g h t l y  

smaller  t h a n  P w i l l  improve on t h e  one-burn d e b o o s t .  T h e r e f o r e  
t h e  optimum two-burn deboos t  must be a s t i l l  b e t t e r  improvement 
on t h e  one-burn d e b o o s t .  

T h e  second r e s u l t  s a y s  t h a t  i f  N1 = 0 and  P l i e s  o u t s i d e  
t h e  r a n g e *  18" t o  l O 7 " ,  t h e n  t h e  two-burn d e b o o s t  must degene-  
r a t e  t o  a one-burn d e b o o s t  i f  i t  i s  t o  b e  t r u l y  optimum. T h e  
optimum i n  q u e s t i o n ,  however i s  a l o c a l  o n e ,  and t h e  f o r e g o i n g  
ma themat i c s  d o e s  n o t  p r e c l u d e  t h e  e x i s t e n c e  o f  a n o t h e r  l o c a l  
optimum, for which t h e  two-burn geometry would n o t  b e  degene-  
r a t e .**  

The p r e c e e d i n g  d i s c u s s i o n  assumed N = 0 and compared t h e  1 
one- and t h e  two-burn d e b o o s t .  Can a compar i son  b e  made for 
t h o s e  two-burn cleboosts  w i t h  N1 O ?  Yes, i f  one c o n s i d e r s  
Apo l lo - type  m i s s i o n s  which c o n s i s t  o f  ea r th  l a u n c h  on a s p e c i -  
f i e d  d a t e ,  f l i g h t  t o  t h e  moon, and l u n a r  l a n d i n g  a t  a 
s p e c i f i e d  s i t e ,  w i t h  a l l  i n t e r m e d i a t e  o p e r a t i o n s  pe r fo rmed  
a c c o r d i n g  to a s t a n d a r d  p l a n .  O p t i m i z a t i o n  o f  such  a m i s s i o n  
may b e  r e g a r d e d  as v a r i a t i o n  of a l l  t r a j e c t o r y  parameters 
u n t i l  a t r a j e c t o r y  i s  found which s a t i s f i e s  t h e  m i s s i o n  con- 
s t r a i n t s  and w h i c h  r e q u i r e s  less  f k e l  t h a n  any o t h e r  p o s s i b l e  
t r a j e c t o r y .  T f  one  c o n s i d e r s  o p t i m i z i n g  a m i s s i o n  w i t h  a one- 
b u r n  d e b o o s t  and t h e n  optimizing t h e  same m i s s i o n  w i t h  a two- 
b u r n  d e b o o s t ,  one  may conc lude  t h a t  t h e  two-burn m i s s i o n  w i l l  
n o t  r e q u i r e  more f u e l  t h a n  t h e  one-burn m i s s i o n .  This i s  tie- 
c a u s e  t h e  fo rmer  o f f e r s  more o p t i m i z a t i o n  v a r i a b l e s  t h a n  the  
l a t t e r  and a l s o  i -nc ludes  t h e  l a t t e r  as a s p e c i a l  c a s e .  

'Thus, c h a n g i n g  o v e r  from a d e b o o s t  geometry o p t i m i z a t i o n  
t o  a m i s s i o n  o p t i m i z a t i o n  a l l o w s  one  t o  compare q u a l i t a t i v e l y  
one- and  two-burn m i s s i o n s  w h i c h  a r e  n o t  d e g e n e r a t e .  The com- 
p a r i s o n  c a n n o t  b e  made a n a l y t i c a l l y  b e c a u s e  one d o e s  n o t  know 
how t o  o p t i m i z e  a one-burn  ( A p o l l o - t y p e )  m i s s i o n  a n a l y t i c a l l y .  

*The s t a t e d  r a n g e  has been computed for t y p i c a l  Apo l lo  
v a l u e s  f o r  E ,  R p ,  R e .  

**A b e t t e r  optimum has not  o c c u r r e d  for any a p p l i c a t i o n s  
of t h e  two-burn model t o  Apo l lo  s i m u l a t i o n s .  I n  t h e s e  
a p p l i c a t i o n s ,  whenever t h e  c o n d i t i o n s  N1 2 0 and P < <  18O 
have  o c c u r r e d ,  t h e  optimum two-burn d e b o o s t  has degene-  
r a t ed  t o  a p p r o x i m a t e l y  a one-burn d e b o o s t .  
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3.0  RESULTS OF TWO-BURN SIMULATIONS 

The two-burn mode of deboos t  may be p u t  i n t o  p e r s p e c t i v e  
r e l a t i v e  t o  t h e  one-burn  mode by a compar i son  o f  t h e  e f f e c t s  of  
t h e  two on l u n a r  a c c e s s i b i l i t y .  Such a compar i son  w i l l  b e  made 
i n  t h i s  s e c t i o n .  However, i t  must b e  p o i n t e d  o u t  t h a t  t h e  da ta  
h e r e i n  are  o n l y  i n t e n d e d  t o  show q u a l i t a t i v e  f e a t u r e s  o f  t h e  
two-burn s t r a t e g y  and  a r e  not  t h e  r e s u l t s  of a comprehens ive  
s t u d y .  

The  l u n a r  m i s s i o n  s i n i u l a t i o n s  which y i e l d e d  t h e  da t a  i n  
t h i s  s e c t i o n  were  computed by a m o d i f i e d  v e r s i o n  o f  t h e  Bellcomm 
A p o l l o  S i m u l a t i o n  Program. The m o d i f i c a t i o n s  were rnade as re -  
q u i r e d  by t h e  t h e o r y  o f  S e c t i o n  2 . 0  t o  i n c l u d e  two-burn l u n a r  
d e b o o s t s  i n  t h e  m i s s i o n  p r o f i l e .  The r e s u l t i n g  p rogram,  c a l l e d  
DBST, o p e r a t e s  o n l y  i n  t h e  domain o f  p a t c h e d  c o n i c ,  f r e e - r e t u r n  
t r a j e c t o r i e s .  I t  w i l l  be d e s c r i b e d  i n  a f u t u r e  memorandum. 

3 . 1  A c c e s s i b i l i t y  F i l a m e n t s  

A c o n v e n i e n t  way of p r e s e n t i n g  a c c e s s i b i l i t y  b e h a v i o r  i s  
t o  p l o t  S e r v i c e  Module f u e l  c o s t s  for a n  A p o l l o  m i s s i o n  a g a i n s t  
l a n d i n g  s i t e  l a t i t u d e ,  f o r  a f l x e d  s e l e n o g r a p h i c  l o n g i t u d e .  T h e  
r e s u l t i n g  c u r v e  w i l l  b e  r e f e r r e d  t o  as a n  a c c e s s i b i l i t y  f i l a m e n t ,  
s i n c e  f o r  a s p e c i f i e d  f u e l  budget  i t  g i v e s  t h e  l o c a t i o n  on t h e  
g i v e n  l o n g i t u d e  o f  t h e  boundary o f  t h e  a c c e s s i b l e  l u n a r  s u r f a c e .  

F i g u r e  3.1. shows one- and two-burn a c c e s s i b i l i t y  f i l a r n e n t s  
f o r  a l u n a r  l o n g i t u d e  o f  - l . O o .  T h e  m i s s i o n s  r e p r e s e n t e d  
s imula ted  a l a u n c h  da t e  o f  Oc tobe r  2 9 ,  1968 ,  and  a Lunar  Module 
p l a n e  change  d u r i n g  a s c e n t . *  For  e a c h  l a t i t u d e ,  one  c a n  read 
on t h e  a b s c i s s a  t h e  number o f  pounds o f  S e r v i c e  Moduie f u e l  
r e q u i r e d  t o  f l y  a n  Apo l lo  m i s s i o n  t h e r e .  It i s  c l e a r  Prom the  
f i g u r e  t h a t ,  g i v e n  a f u e l  b u d g e t ,  t h e  two-burn d e b o o s t  opens  up 
t h e  a c c e s s i b l e  l u n a r  area r e l a t i v e  t o  t h e  one-burn  d e b o o s t .  I n  
a d d i t i o n  i t  i s  t o  b e  o b s e r v e d  t h a t ,  f o r  t h i s  l a u n c h  d a t e ,  t h e r e  
i s  a r a t h e r  s i z a b l e  f u e l  s a v i n g  (or p a y l o a d  i n c r e a s e )  f o r  c e r -  
t a i n  s i t e s  w i t h i n  t h e  Apo l lo  zone .  These  o b s e r v a t i o n s  a re  i n  
ag reemen t  w i t h  t h e  r e s u l t s  of R e f e r e n c e  2 .  

*The w e i g h t s  and stay-times used  i n  a l l  t h e  s i m u l a t i o n s  i n  
t h i s  c h a p t e r  a r e  as f o l l o w s :  i n j e c t e d  s p a c e c r a f t  l ess  LM 
a d a p t e r ,  9 4 , 2 0 0  l b . ;  LM, 32 ,000  l b . ;  a s t r o n a u t s ,  6 0 0  l b . ;  
nomina l  s t a y  t i m e ,  22  h r . ;  maximum s t a y  t i m e ,  38 hr. All. 
s i m u l a t i o n s  h e r e i n  u s e  f r e e - r e t u r n  t r a j e c t o r i e s .  Mid- 
c o u r s e  c o r r e c t i o n s  a r e  n o t  i n c l u d e d .  
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An anomaly e x i s t s ,  however,  i n  t h e  c r o s s i n g  of t h e  
two c u r v e s  o f  F i g u r e  3.1. On t h e  basis  of  t h e  t h e o r y  d e v e l o p e d  
i n  S e c t i o n  2 ,  no  p o i n t  o f  t h e  two-burn c u r v e  may l i e  i n s i d e  t h e  
one-burn c u r v e ,  b e c a u s e  a t  such  p o i n t s  t h e  amount of  f u e l  re-  
q u i r e d  f o r  t h e  comple t e  one-burn m i s s i o n  would be  l e s s  t h a n  
tha t  r e q u i r e d  f o r  t h e  two-burn m i s s i o n .  T h i s  i s  i m p o s s i b l e  by 
v i r t u e  of t h e  two-burn o p t i m i z a t i o n .  T h e r e f o r e  t h e  c u r v e s  
s h o u l d  a t  most be  t a n g e n t ,  i n  which c a s e  t h e  two-burn geometry 
w i l l  have r e d u c e d  t o  t h e  one-burn geometry .  The c r o s s i n g  
t h e r e f o r e  i n d i c a t e s  t h a t  t h e  two-burn deboos t  i s  n o t  b e i n g  
f u l l y  o p t i m i z e d  b y  t h e  DBST. 

The problem appears t o  be due e n t i r e l y  t o  a scheme 
e r r o r  r e s u l t i n g  from t h e  u s e  of a one-burn o p t i m i z a t i o n  p roce -  
d u r e  ( s u b r o u t i n e  OPTINJ) i n  r e t a r g e t i n g  t h e  h y p e r b o l a  from 
which a - two-burn d e b o o s t  i s  made.* T h i s  d i f f i c u l t y  i s  b e i n g  
c o r r e c t e d  by  r e w r i t i n g  s u b r o u t i n e  OPTINJ.  Al though t h e  e r r o r ' s  
p r e s e n c e  p r o b a b l y  has no i m p o r t a n t  e f f e c t  i n  most  a p p l i c a t i o n s :  
i t  r e s u l t s  i n  u n c e r t a i n t i e s  which a l w a y s  b i a s  t h e  two-burn 
l u n a r  m i s s i o n ' s  t o t a l  f u e l  c o s t  above optirriurri. 

The  data f o r  F i g u r e  3 . 1 ,  as  w e l l  a s  r e l e v a n t  geomet- 
r i c a l  da ta ,  a re  t a b u l a t e d  i n  T a b l e  3 . 1 .  The t a b l e  shows t h e  
i m p o r t a n t  r e s u l t  t h a t  s i t e s  which  a r e  i n a c c e s s i b l e  w i t h  a one- 
b u r n  d e b o o s t ,  due  t o  t h e  p e r i s e l e n e  d e p r e s s i o n  c o n s t r a i n t  a l o n e ,  
are r e n d e r e d  a c c e s s i b l e  w i t h  t h e  two-burn d e b o o s t . * *  

*DBST at tempts  t o  d e t e r m i n e ,  a f t e r  f i n d i n g  a f r e e - r e t u r n  
h y p e r b o l a  and s i m u l a t i n g  a d e b o o s t  f rom i t ,  w h e t h e r  o r  
n o t  a more n e a r l y  optimum f r e e - r e t u r n  h y p e r b o l a  e x i s t s ,  
i n  t h e  s e n s e  o f  s m a l l e r  l u n a r  d e b o o s t  d e l t a  v e l o c i t y .  
T h i s  i s  done b y  a n  o p t i m i z a t i o n  p r o c e d u r e  i n  t h e  sub- 
r o u t i n e  OPTINJ.  S i n c e  t h e  c r i t e r i o n  f o r  improvement i s  
t h e  d e b o o s t  d e l t a  v e l o c i t y ,  t h i s  o p t i m i z a t i o n  p r o c e d u r e  
c l e a r l y  depends  on t h e  d e b o o s t  s t r a t e g y .  It t h e r e f o r e  
must b e  d i f f e r e n t  f o r  one- and two-burn d e b o o s t s .  

**For a one-burn d e b o o s t  t o  be p o s s i b l e ,  a h y p e r b o l a  must 
be  chosen  which i n t e r c e p t s  t h e  des i r ed  p a r k i n g  o r b i t .  
It  sometimes happens ,  due  t o  t h e  f r e e - r e t u r n  c o n s t r a i n t ,  
t h a t  t h i s  c a n n o t  be a c h i e v e d  w i t h o u t  l o w e r i n g  t h e  p e r i -  
s e l e n e  a l t i t u d e  below a s p e c i f i e d  minimum ( s a y ,  f o r t y  
n a u t i c a l  m i l e s )  i n  which case t h e  s i t e  i n  q u e s t i o n  would 
be deemed i n a c c e s s i b l e .  Using t h e  two-burn s t r a t e g y ,  
however,  no  s i t e  need  be made i n a c c e s s i b l e  f o r  t h i s  
r e a s o n ,  s i n c e  t h e  h y p e r b o l a  now need n o t  b e  f o r c e d  t o  
i n t e r s e c t  t h e  p a r k i n g  o r b i t .  
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-6.0 
-3.0 
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3.0 

TABLE 3.2 

5; lz 
3 
a I w 
o 5: 

DATA FOR ACCESSIBILITY FILAMENTS AT 1.0’ WEST LONGITUDE 
FOR LAUNCH DATE OCTOBER 29, 1968 (COMMAND MODULE PLANE CHANGE)  

3.0. . . . .TIME OF FLIGHT DIFFICULTY . . . . . . . . . 
9.0 33271 -84 4.06 4.447 . . . . 10,8114 
12.0 34115 -8 6 3.26 8.709 . . . . 41,151 
15.0 

6.0 33296 -82 4.29 2.137 . . . . 2 5 , 2 9 1  

Latitude 
(deg) 

F u e l  
( l b d  

38097 
36832 
35536 
34349 
33642 
33300 
33272 
34001 
35384 
36759 
38226 

AZ* 

(deg) 

-7 8 
-7 8 
-78 
-7 6 
-7 6 
-82 
-84 
-8 4 
-84 
-84 
-84 

P F N 1  P e r i s e l e n e  
(deg) (deg)  ( d e g )  Depres s ion  ( f t )  

9.39 -63.069 -59.367 
7-04 -50.203 -45.917 
5.28 -27.635 -23.397 
2.26 - 1.482 - 1.342 
0.11 -115.348-115.348 
4.30 2.134 0.013 
4.06 4.411 0.239 
1.30 23.159 23.159 
3.61 -108.974-108.974 
6.51 -ioo.g59-102.886 
10.95 40.799 33.393 

‘ I ,  767 
10,417 
10,194 

11 
0 

2,510 
9,723 

0 
0 

2,091 
30,836 

* Flight p a t h  az imuth  a t  l a n d i n g  of Lunar Module. 

**  This e q u a l s  80 NM minus t h e  p e r i s e l e n e  a l t i t u d e .  
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TABLE 3.3 

DATA FOR ACCESSIBILITY FILAMENTS AT 30.00 WEST, LONGITUDE 
F09 LAUNCH DATE OCTOBER 29, 1968 (COMMAND MODULE PLANE C H A N G E )  

L a t i t u d e  F u e l  Az * P F N 1  P e r i s e l e n e  
(lbs) (deg )  ( d e g )  ( d e g )    de^?) Depression**(  f t  ) ( d e &  

-9.0 
-6.0 
-3.0 

3 0.0 
3.0 

0 6.0 
E 9.0 

m 
I 

3 

12.0 
15.0 
18.0 
21.0 
24.0 
27.0 
30.0 

39865 
38492 
,37105 
35901 
34689 
33607 
33127 
33138 
33917 
35021 
36462 
37844 
39171 
40490 

- 9.0 40172 
- 6.0 38514 - 3.0 37101 
0.0 35815 
3 . 0  34776 
6.0 34034 2 9.0 33560 

3 12.0 33500 
15.0 33899 

w 18.0 35011 
g 21.0 36413 

24.0 37996 
27.0 39759 
30.0 41475 

-86 19.77 -30.107 -13.973 146,466 
-86 17.39 -24.249 - 8,369 141,990 
-86 15.21 -15.767 - 1.493 131.,519 
-86 13.33 - 7.088 - 0.047 28,055 
-90 12.82 - 5.738 - 0.009 18,334 
-86 7.76 - 1.840 0.222 2,376 
-86 4.49 1.937 0.519 1,123 
-86 0 . 9 5  21.333 20.63g 2,006 
-86 2.99 -10.123 - 7.429 4,078 

-82 12.79 -28.465 -17.914 62 , 477 
-84 6.97 -13.807 - 7.120 25,154 
-82 10.48 -19.146 - 9.265 54 , 817 
-84 14.51 -41.831 -32.822 45 , 601 
-86 16.84 -51.984 -44.136 34,616 

-88 18.77 -18.588 . . . . 206,033 

-84 9.74 - 3.944 . . . . 8,868 
-84 6 . 7 0  - 1.685 . . . . 1,594 
-86 4.43 1.218 . . . . 821 
-90 2.71 6.619 . . . . 23,856 
-86 3.14 - 7.209 . . , . 29,621 
-84 7.17 -11.318 . . . . 74,290 

-90 22.27 -20.097 . . . . 241,643 

-86 15.26 -16.400 . . . . 159,582 
-86 13.34 - 7.277 . . . . 30,712 

-80 12.12 -10.134 . . . . 59 J 447 
-80 17.18 -19.451 . . . 223,884 
-76 18.98 -16.238 . . . . 155,007 
-74 22.41 -17.649 . . . 183,709 

* F l i g h t  p a t h  azimuth a t  l a n d i n g  of Lunar Module. 

**  T h i s  e q u a l s  80 NM minus t h e  p e r i s e l e n e  a l t i t u d e .  
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TABLE 3.4 

COMPARISON OF ONE- AND TWO-BURN MISSIONS 

TO SEVERAL ORBITER SIT'ES 

O R N T E R  
SITE 

LAUNCH TOTAL MISSION 
FUEL COST ( p o u n d s ) *  DATE 

Lunar  iilodule Command Module 
L a t i t u d e  Long i tude  (1968) P l a n e  Change P l a n e  Change 

4.30' 21.30" May 1 32796 33056 * *  33102 

4 75" 15.75" May 1 33383 33315 
* *  33311 

0.75' 24.17" Dec. 22 34357 33904 
34407 33919 

-0.08" - 1.00" 

1.500 -42.33" 

-2.35" -43.37" 

O c t .  26 35343 35547 
35728 35911 

O c t .  2 9  35381 35205 
35390 35558 

S e p t  .30 37683 37717 
37658 37691 

* Upper f i g u r e s  are two-burn; l ower  are  one-burn.  

* *  P e r i s e l e n e  d e p r e s s i o n  c o n s t r a i n t  exceeded ;  s i t e  i n a c c e s s i b l e  
on t h i s  d a t e .  
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F o r  t h e  sake of  compar ison ,  F i g u r e  3 . 2  g i v e s  one-and two- 
b u r n  a c c e s s i b i l i t y  f i l a m e n t s  a t  t h e  same l o n g i t u d e  and on t h e  
same l a u n c h  date  as f o r  F i g u r e  3 . 1 ,  b u t  w i t h  t h e  S e r v i c e  
Module making t h e  p l a n e  change p r i o r  t o  r endezvous  w i t h  the 
Lunar  Module. Table 3 .2  g i v e s  t h e  r e l e v a n t  g e o m e t r i c a l  da t a .  
Al though t h e  o r i e n t a t i o n s  of t h e  c u r v e s  a r e  s e e n  t o  have  
changed ,  t h e  o b s e r v a t i o n s  are s u b s t a n t i a l l y  t h e  same as f o r  
F i g u r e  3 .1 .  

F i g u r e  3 . 3  g i v e s  a n o t h e r  a c c e s s i b i l i t y  f i l a m e n t ,  a t  -30.0" 
l o n g i t u d e ,  f o r  t h e  same l aunch  d a t e  and f o r  a S e r v i c e  Module 
p l a n e  change .  The  g e o m e t r i c a l  d a t a  a r e  i n  T a b l e  3 . 3 .  'The 
f i g u r e  i s  s i m i l a r  t o  t h e  p r e v i o u s  two,  i n  t h a t  t h e  one-burn 
c u r v e  n e s t s  t i g h t l y  i n t o  t h e  two-burn c u r v e .  I t  i s  d i f f e r e n t  
i n  t h a t  t h e  two-burn f i l a m e n t  o f f e r s  s i z a b l e  f u e l  s a v i n g s  o v e r  
t h e  one-burn f i l a m e n t  a t  s i t e s  n e a r  t h a t  l a t i - t u d e  a b o u t  which 
t h e  f i l a m e n t s  a re  a p p r o x i m a t e l y  s y m m e t r i c a l .  

S i n c e  d u r i n g  a month t h e  a c c e s s i b i l i t y  f i l a m e n t s  must r e -  
f l e c t  t h e  moon's l i b r a t i o n s ,  fine may e x p e c t  t h e  mnxiiiiurn f u e l  
s a v i n g s  t o  s c a n  v a r i o u s  l a t i t u d e s  t h a t  a re  w i t h i n  t h e  A p o l l o  zone ,*  
i n  a p e r i o d i c  f a s h i o n .  One a l s o  e x p e c t s  l i b r a t i o n  e f f e c t s  on 
t h e  o t h e r  a c c e s s i b i l i t y  f i l a m e n t s  o f  t h i s  s e c t i o n ,  of  c o u r s e .  

Another  d i f f e r e n c e  i s  to be found between F i g u r e  3 . 3  and 
F i g u r e s  3 . 1  and 3 . 2 .  I t  i s  t h a t  f o r  small  l o n g i t u d e s  ( l o n g i -  
t u d e s  r a the r  n e a r  t h e  l u n a r  pr ime m e r i d i a n )  t h e  two-burn de- 
b o o s t  b e g i n s  t o  improve on one-burn a c c e s s i b i l i - t y  a t  " lower"  
l a t i t u d e s ,  w h i l e  for l a r g e  l o n g i t u d e s  t h e  improvement b e g i n s  
a t  " h i g h e r "  l a t i t u d e s .  

T h i s  c o n c l u d e s  t h e  a n a l y s i s  o f  t h e  sample a c c e s s i b i l i t y  
f i l a m e n t s  t h e m s e l v e s .  Looking now a l i t t l e  more b r o a d l y  a t  
t h e  r e s u l t s  of t h e  two-burn s i m u l a t i o n s ,  one m i q h t  s p e c u l a t e  
t h a t  t h e  two-burn model c o n t a i n s  a h e r e t o f o r e  u n e x p e c t e d  advan- 
t age  o v e r  A p o l l o ' s  p r e s e n t  one-burn scheme. T h e  a d v a n t a g e  i s  
t h i s :  The optimum p e r i s e l e n e  r a d i u s  i s  found t o  s e t t l e  i t s e l f  
v e r y  c l o s e  ( w i t h i n  a b o u t  f i v e  m i l e s )  t o  t h e  p a r k i n g  o r b i t  
r a d i u s ,  which h a s  been  chosen  t o  b e  80  NM p l u s  t h e  l u n a r  r a d i u s .  
If t h i s  f e a t u r e  p e r s i s t s  f o r  smaller  p a r k i n g  o r b i t  a l t i t u d e s ,  
t h e n  one  m i g h t  u s e  i t  t o  d e c r e a s e  Lunar  Module pe r fo rmance  
r e q u i r e m e n t s ,  b y  l o w e r i n g  t h e  p e r i s e l e n e  and p a r k i n g  o r b i t  
r a d i i  i n  t h e  m i s s i o n  p r o f i l e . * *  

*The Apo l lo  zone i s  t h e  a r e a  o f  t h e  l u n a r  s u r f a c e  wliich i s  
bounded b y  - + 45" l o n g i t u d e  and - t 5" l a t i t u d e .  

* * I m p l i c a t i o n s  o f  l o w e r i n g  p a r k i n g  o r b i t  a l t i t u d e  a re  d i s -  
c u s s e d  i n  a memorandum by D. R .  V a l l e y  ( R e f e r e n c e  5 ) .  
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3.2 Data for S e l e c t e d  S i t e s  

T a b l e  3 . 4  p r e s e n t s  f u e l  c o s t s  f o r  m i s s i o n s  f lown  t o  s e v e r a l  
s e l e c t e d  s i t e s  i n  t h e  Apollo zone* on days when t h e  one-burn  
f u e l  c o s t  i s  known t o  b e  h i g h .  T h e  p r i n c i p a l  o b s e r v a t i o n  t o  b e  
made, a f t e r  n o t i n g  t h e  p r e s e n c e  o f  DBST's scheme e r r o r ,  i s  t h a t  
t h e  two-burn s t r a t e g y  p r o v i d e s  r e a s o n a b l e  f u e l  s a v i n g s  ( a b o u t  
300 pounds )  i n  o n l y  a f r a c t i o n  of t h e  c a s e s  p r e s e n t e d .  However, 
i t  i s  t o  b e  e x p e c t e d  t h a t  t h e  e f f e c t i v e n e s s  o f  t h e  two-burn 
s t r a t e g y  i n  g e t t i n g  t o  any p a r t i c u l a r  l a n d i n g  s i t e  w i l l  v a r y  
w i t h  l a u n c h  d a t e .  T h i s  i s  b e c a u s e  o f  t h e  e f f e c t  i d e n t i f i e d  i n  
S e c t i o n  3 . 1 ,  namely ,  t h a t  t h e  g r e a t e s t  f u e l  s a v i n g  a l o n g  a l u n a r  
l o n g i t u d e  w i l l  o c c u r  a t  a l a t i t u d e  which i s  a f u n c t i o n  o f  t h e  
l u n a r  l i b r a t i o n s .  Consequen t ly ,  i n  t h e  a b s e n c e  of  s i m u l a t i o n  
data  f o r  many s i t e s  and many l a u n c h  d a t e s ,  no g e n e r a l  comments 
a r e  p o s s i b l e  on t h e  e f f i c a c y  o f  t h e  two b u r n  s t r a t e g y  a p p l i e d  t o  
s p e c i f i c  s i t e s .  

*The s i t e s  were chosen  f'rorn a s e t  photograpkied by Lunar  
O r b i t e r s  I and 11. 
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4.0 SUMMARY AND CONCLUSIONS 

I n  S e c t i o n  2 . 0  a two-burn model f o r  d e b o o s t i n g  from a 
h y p e r b o l a  i n t o  a s p e c i f i e d  c i r c u l a r  p a r k i n g  o r b i t ,  v i a  a n  i n -  
termediate c i r c u l a r  o r b i t ,  was d e s c r i b e d  and deve loped  a n a l y t -  
i c a l l y .  T h i s  y i e l d e d  a fo rmula  f o r  t h e  two-burn d e b o o s t  d e l t a  
v e l o c i t y  a n d ,  as a s i d e  r e s u l t ,  a f o r m u l a  f o r  t h e  one-burn 
d e l t a  v e l o c f t y .  It  was shown how t h e  mode l ' s  d e b o o s t  d e l t a  
v e l o c i t y  may be o p t i m i z e d  w i t h  r e s p e c t  t o  two v a r i a b l e s .  

The a n a l y s i s  of t h e  two-burn model has been  i n c o r p o r a t e d  
i n t o  t h e  c o n i c  p o r t i o n  of  BCMASP, r e p l a c i n g  BCMASP's ( f r e e -  
r e t u r n )  one-burn l u n a r  deboos t  s i m u l a t i o n .  The r e s u l t i n g  c o n i c  
program, c a l l e d  DBST, has been  u s e d  as a means o f  s t u d y i n g  t h e  
e f f i c a c y  f o r  Apo l lo  of t h i s  p a r t i c u l a r  two-burn d e b o o s t  
s t r a t e g y .  The r e s u l t s  o f  t h e  s t u d y  a re  t h e  f o l l o w i n g :  

1. 

2. 

3.  

4 .  

The two-burn s t r a t e g y  i n c r e a s e s  t h e  a c c e s s i b l e  area 
o f  t h e  l u n a r  s u r f a c e  r e l a t i v e  t o  t h a t  which i s  
a c c e s s i b l e  w i t h  A p o l l o ' s  p r e s e n t  one-burn s t r a t e g y .  

With regard t o  p e r i s e l e n e  l i m i t s  a l o n e ,  no s i t e  i s  
i n a c c e s s i b l e  w i t h  a two-burn d e b o o s t .  Two-burn 
a c c e s s i b i l i t y  i s  t h e r e f o r e  l i m i t e d  e x c l u s i v e l y  b y  
f u e l  c a p a b i l i t y ,  c o n t r a r y  t o  t h e  c a s e  f o r  one-burn 
a c c e s s i b i l i t y .  

The optimum p e r i s e l e n e  f o r  two-burn d e b o o s t s  i s  found 
t o  l i e  n e a r  t he  p a r k i n g  o r b i t  f o r  tile s i m u l a t i o n s  
s t u d i e d ,  a l l  o f  which had 8 0  DIM p a r k i n g  o r b i t s .  I f  
t h i s  f e a t u r e  p e r s i s t s  f o r  smaller  p a r k i n g  o r b i t  a l t i -  
t u d e s ,  t h e n  one  might  u s e  i t  t o  r e d u c e  Lunar  I'lodule 
pe r fo rmance  r e q u i r e m e n t s ,  b y  l o w e r i n g  t h e  p e r i s e l e n e  
and p a r k i n g  o r b i t  r a d i i  i n  t h e  m i s s i o n  p r o f i l e .  

The two-burn d e b o o s t  o f f e r s ,  r e l a t i v e  t o  t h e  one-burn 
d e b o o s t ,  t o t a l  m i s s i o n  f u e l  s a v i n g s  on t h e  o r d e r  o f  
300 or 400 pounds ,  for m i s s j o n s  f lown t o  s e l e c t e d  
Apo l lo  l a n d i n g  s i t e s .  S t i l l  g r e a t e r  s a v i n g s  a r e  
p o s s i b l e  for s i t e s  w i t h  l a t i t u d e s  o u t s i d e  t h e  Apo l lo  
r a n g e  of  t 5". However, t h e  s a v i n g  a s s o c i a t e d  w i t h  
a p a r t i c u i a r  s i t e  w i l l  v a r y  w i t h  t ime ,  due  t o  l u n a r  
l i b r a t i o n s .  
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A compar ison  o f  t h e  f u e l  s a v i n g s  r e p o r t e d  h e r e i n  
w i t h  t h o s e  known t o  be a v a i l a b l e  w i t h  more g e n e r a l  two-burn 
d e b o o s t i n g  schemes (see Refe rences  1 and 6 ,  f o r  example)  shows 
t h a t  t he re  are d e f i n i t e  advan tages  t o  optimum two-burn tar- 
g e t i n g  schemes which a l l o w  t h e  f i r s t  b u r n  t o  o c c u r  a t  o r  n e a r  
t h e  moon's sphere of i n f l u e n c e .  S tudy  o f  s u c h  schemes i s  
p l anned  as p a r t  of a c o n t i n u i n g  e f f o r t  i n  t h e  d e s i g n  o f  p r a c -  
t i c a l ,  as  w e l l  as optimum, m u l t i p l e - i m p u l s e  d e b o o s t  schemes 
and t h e i r  a s s o c i a t e d  t a r g e t i n g  programs.  

2 0 1  1- SLL- j dc S. L .  L e v i e ,  J r .  
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APPENDIX I: SOME PROPERTIES OF A HYPERBOLA 

I n  i t s  own p l a n e ,  a h y p e r b o l a ' s  shape  and c o n f i g u r a t i o n  
r e l a t i v e  t o  t h e  c e n t e r  of a t t r a c t i o n ,  o r  o c c u p i e d  f o c u s ,  a r e  
commonly g i v e n  by t h e  two g e o m e t r i c a l  p a r a m e t e r s  a and e ,  
r e s p e c t i v e l y  t h e  semimajor  ax is  and t h e  e c c e n t r i c i t y .  In what 
f o l l o w s  s e v e r a l  q u a n t i t i e s  f o r  a h y p e r b o l a  will b e  d e r i v e d ,  
i n c l u d i n g  a and e ,  i n  terms of  two k i n e m a t i c  p a r a m e t e r s :  t h e  
e n e r g y  E and t h e  d i s t a n c e  R from t h e  f o c u s  t o  p e r i c e n t e r .  

P 
A r e l a t i o n  t h a t  i s  p r e s e n t e d  i n  t h e  u s u a l  d i s c u s s i o n s  o f  

I \ 
h y p e r b o l a s  i s  

V2 = GM + i' ' 

i n  which R and V are  t h e  p o s i t i o n  and v e l o c i t y  of a pojnr. on 
t h e  h y p e r b o l a  and GM i s  t h e  g r a v i t a t i o n a l  c o n s t a n t  times t h e  
mass of t h e  a t t r a c t i n g  body .  I f  we u s e  t h e  s p e c i f i c  energy 

(1.2) 

a t  t h e  same p o i n t ,  t h e n  a can  b e  s o l v e d  f o r  i n  .terms ot'  €2 :  

a = GM/2E.  (1.3) 

W i t h  t h i s  i n  hand,  we may s u b s t i t u t e  a i n  the fundameii ta l  c o n i c  

f o r m u l a  R '= a(e-1) and s o l v e  f o r  e :  
P 

I 

e = 1 t 2 R  E/GM 
P 

(1.4) 

We now c a n  a l s o  rewr i te  t h e  s t a n d a r d  f o r m u l a  f o r  t h e  para- 
meter p of t h e  h y p e r b o l a :  
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APPENDIX I - ( c o n t i n u e d )  

L e t  u s  d e r i v e  a n  e x p r e s s i o n  f o r  t h e  t r u e  anomaly o f  

[Obvious ly  t h e r e  a re  
an  a r b i t r a r y  p o i n t  on t h e  h y p e r b o l a .  The p o i n t  w i l l  be  s p e c i -  
f i e d  by i t s  d i s t a n c e  Rc from t h e  f o c u s .  
no  s u c h  p o i n t s  if Rc < R and  t h e r e  are two s u c h  p o i n t s  i.f 

P ’  
> R .] 

*C P 

The p o l a r  e q u a t i o n  o f  a h y p e r b o l i c  o r b i t  i s  

i n  which $ i s  t h e  t r u e  anomaly of  t h e  p o i n t  a t  d i s t a n c e  R .  
S e t t i n g  R = Rc and s u b s t i t u t i n g  E q u a t i o n  ( 1 . 5 )  f o r  e leads  t o  

c o s  
L - 1  
RC 

JL- R 1 
(1.6) 

‘P 

N o t i c e  t h a t  @ has a n  ambiguous s i g n ,  a s  e x p e c t e d ,  arid that. i.t 
i s  a f u n c t i o n  o n l y  of  E ,  R m d  R ( see  E q u a t i s n  (1.1;)). P’  C 

We now conc lude  by  p r e s e n t i n g  t h e  r a d i a l  and perpen-  
d i c u l a r  components of t h e  v e l o c i t y  V a t  a p o i n t  Rc on a hyper -  
b o l a .  These  components a r e  r e s p e c t i v e l y  p a r a l l e l  and pe rpen-  
d i c u l a r  t o  Rc  and w i l l  b e  l a b e l e d  by VR and  VH. 

3 -+ 

3 3 -f 

-+ -f 

N o t i c e  t h a t  i f  CL i s  t h e  a n g l e  between Rc and V ,  

t h e n  V = V s i n  a. The s p e c i f i c  a n g u l a r  momentum, d e f i n e d  as  
h = IRc x V I ,  i s  t h e r e f o r e  

-+H 3 

h = RcVH. 

B u t ,  as t h e  s t a n d a r d  t e x t s  show, 
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APPENDIX I - ( c o n t i n u e d )  

Hence 

S i n c e v x  i s  t h e  v e l o c i t y  Vc o f  a mass i n  c i r c u l a r  o r b i t  
of r a d i u s  Rc abou t  t h e  c e n t e r  of a t t r a c t i o n ,  t h i s  c a n  b e  r e w r i t t e n  

as 

vH = vc -Le-' 
3 3 

Using t h e  f a c t  that  VH and VR are  p e r p e n d i c u l a r  and o b s e r v -  
i n g  t h a t  E q u a t i o n  (1.1) can  be r e w r i t t e n  as 

v2 = 2vc2 + 2E, 

2 w e  can  r e a d i l y  o b t a i n  VR : 

2 2 = v  -VI+ 2 
vR 
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APPENDIX 11: THE T1 OPTIMIZATION 
- -  

I n  S e c t i o n  2 . 0  an  e x p r e s s i o n  was d e r i v e d  f o r  t h e  two-burn 
de l t a  v e l o c i t y ,  AV2B. 
i t  w i l l  be d e t e r m i n e d  i n  t h i s  appendix  how t o  compute t h a t  T, 

Regard ing  AV2B as a f u n c t i o n  of T a l o n e ,  1 

I 

which minimizes  AV2B. 

11.1 Choice o f  D 

To b e g i n ,  i t  must be d e t e r m i n e d  which v a l u e  o f  D t o  u s e  
i n  AV2B ( S e c t i o n  2 . 3 ) .  
i .eveals t h a t  the optimum c h o i c e  o f  D depends on t h e  v a l u e s  o f  

t he  parameters P ,  F, and a r c c o s  (P,Rp - l) and a l s o  on t h e  

q u a d r a n t  o f  t h e  optimum Tl ,  which ,  however ,  i s  s p e c i f i e d  b y  

t h e  t h r e e  parameters. The theorem f o r  D c o u l d  be  c o n s t r u c t e d  
a t  t h i s  p o i n t ,  b u t ,  a l t h o u g h  t h e  p r o c e d u r e  i s  s t r a i g h t f o r w a r d ,  
t h e  ma themat i c s  i s  t o o  c o m p l i c a t e d  t o  p r e s e n t  here  w i t h  u s e f u l  
r e t u r n s .  I n s t e a d ,  t h e  problem w i l l  b e  s o l v e d  b y  a q u a l i t a t i v e  
a rgument .  

A c u r s o r y  i n s p e c t i o n  o f  t h e  f o r m u l a  

p/Rc - 1 

To s i m p l i f y  mat te rs ,  t h e  r e a l i s t i c  c o n d i t i o n s  0' < P < 90' 
and IF1 < 90' w i l l  b e  imposed.  For  h y p e r b o l a s  which p i e r c e  t h e  
r e f e r e n c e  p l a n e  t w i c e ,  t h e  p i e r c e  p o i n t  toward  which F i s  t o  
b e  measured s h o u l d  be chosen  a c c o r d i n g l y .  

C o n s i d e r  t h e  s p h e r i c a l  p r o j e c t i o n  
i n  F i g u r e  11.1, which shows a n  approach  
h y p e r b o l a  and t h e  p l a n e  o f  t h e  f i n a l  
c i r c l e .  The d o t  l o c a t e s  p e r i c e n t e r  
(0'  < F < go") ,  and t h e  numbered 
c r o s s e s  l o c a t e  t h e  two p o s s i b l e  t r a n s -  
f e r  p o i n t s .  The g o a l  i s  t o  d e t e r m i n e  
whether  t r a n s f e r r i n g  from (1) i n  t h e  
optimum t w o - t r a n s f e r  maneuver w i l l  b e  
more,  o r  less ,  optimum t h a n  t r a n s f e r -  
r i n g  f rom ( 2 ) .  Because o f  t h e  
d i f f e r e n t  e l e v a t i o n s  o f  t h e  two 
c a n d i d a t e s ,  t h e  lower  one a l l o w s  t h e  
p o s s i b i l i t y  of a smaller T2 t h a n  t h e  

u p p e r ,  s i m p l y  because  o f  t h e  s p h e r i -  
c a l  r e l a t i o n s  i n v o l v e d .  S i n c e  t h e  

F i g u r e  11.1 - Choosing D 
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o p t i m i z a t i o n  p r o c e s s  must t o  some e x t e n t  min imize  T i t  s h o u l d  
b.e LQ QU & a n t a s  t r a n s f e r  from t h e  Do in t  which & c l o s e r  
to t h e  - r e f e r e n c e  p l ane - -po in t  ( 1 )  i n  t h i s  c a s e .  N o t i c e  t ha t  
f o r  t h i s  c o n f i g u r a t i o n  i t  i s  a l s o  obv ious  t h a t  T1 must be  p o s i -  
t i v e .  

2 '  - 

N o w  c o n s i d e r  F i g u r e  1 1 . 2  which shows a h y p e r b o l a  such  t h a t  
-90" < F < 0". By t h e  same argument ,  
one  now s h o u l d  t r a n s f e r  a t  p o i n t  ( 2 ) ,  
which i s  c l o s e r  t o  t h e  r e f e r e n c e  
p l a n e  t h a n  i s  p o i n t  (1). 

a g a i n  be p o s i t i v e .  
TI w i l l  

F o r  b o t h  t h e s e  c a s e s ,  i t  i s  
s e e n  f rom t h e  f i g u r e s  t h a t  N1 i s  
smaller  i n  magnitude t h a t  F,  s o  
f o r  D one s h o u l d  choose  F i g u r e  11.2 - Choosing D 

D = s i g n ( F )  (11.1) 

i n  o r d e r  f o r  t h e  c a l c u l a t i o n  of  N1 t o  r e p r o d u c e  t h i s  f a c t .  
r e s u l t  can  be  shown a n a l y t i c a l l y  a l o n g  w i t h  t h e  r e l a t e d  g e n e r a l i -  
z a t i o n s ,  one o f  which i s  t h a t  i f  IF1 > 90"  t h e n  one s h o u l d  take 
D = - s i g n ( F ) .  

T h i s  

1 1 . 2  O p t i m i z a t i o n  w i t h  Respec t  t o  TI 
- 

W i t h  D d e t e r m i n e d ,  one  i s  i n  a p o s i t i o n  t o  o p t i m i z e  V2B 
w i t h  r e s p e c t  t o  T1, which w i l l  b e  done by fo rming  t h e  d e r i v a t i v e  
d(AV2B)/dT1, and s e t t i n g  i t  e q u a l  t o  z e r o .  
c a t i o n s  a re  made i n  t h e  r e s u l t i n g  e q u a t i o n ,  a s i x t h  d e g r e e  po ly -  
nomia l  i n  t a n  T1 o b t a i n s .  
F i g u r e  1 1 . 4 .  Thus o p t i m i z i n  AV2B w l t h  r e s n e c t  t o  T1 r e q u i r e s  
s o l v i n g  a s i x t h  d e g r e e  po lynomia l ,  which must b e  done n u m e r i c a l l y ,  
i n  g e n e r a l .  The r e m a i n d e r  o f  t h i s  append ix  w i l l  b e  devo ted  t o  
t h i s  p o l y n o m i a l .  

When a l l  s i m p l i f i -  

T h i s  i s  p r e s e n t e d  i n  E q u a t i o n  ( T I . l O ) ,  

The two-burn d e l t a  v e l o c i t y  may be w r i t t e n  as 
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t (1-cos T1 cosP-s in  TI s i n  P cosN1) k'} . (11.2) 

D i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  T1 and s e t t i n g  t h e  d e r i v a t i v e  
t o  z e r o  g i v e s  

[; t GM ERC -& cos T1 )' 
C 

c o s  P c o s  T1 - s i n  P cos  N1 c o s  T1 
t 1 (11.3) 

(1-cos  T1 COSP - s i n  T1 s i n  P c o s  N1)T 

To s i m p l i f y  t h e  e x p r e s s i o n s ,  t h e  f o l l o w i n g  d e f i n i t i o n s  a re  
i n t r o d u c e d :  

s -  -6 
C 

g = p -  3 *CE 
G M  

e = cos P 

f = s i n  P c o s  NI . 
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These s i m p l i f y  ( 1 1 . 3 )  t o  

s s i n  T1 e s i n  T1 - f c o s  T1 

1 
2 

+ 
- 1 

2 
o =  

I 

(1 - e c o s  T - f s i n  T1) 1 ( g  - s COS T1) 

2 Now s q u a r e  t h i s ,  d i v i d e  t h e  numera to r s  by c o s  T1, d i v i d e  the 

denomina to r s  by  c o s  T1, and use  t h e  i d e n t i t y  

( c o s  T1) -1 = (1 + t a n 2  T1)1’2. The n e t  r e s u l t  i s  

2 s 2  t a n  T~ 2 ( e  t a n  T1 - f )  
- - 

1 1 - 
2 7 2 2 g ( l  + t a n  T1) - s (1 + t a n  T1) - e - f t a n  T1 

The z e r o  d e r i v a t i v e ,  Equa t ion  ( 1 1 . 3 ) ,  h a s  been  c o n v e r t e d  
t o  t h i s  f u n c t i o n  o f  t a n g e n t s ,  i n  p r e f e r e n c e  t o  a f u n c t i o n  o f  
s i n e s  o r  c o s i n e s ,  p r i n c i p a l l y  t o  i n s u r e  t h a t  t h e  r o o t s  of  t h e  
f u n c t i o n  w i l l  be w e l l  s e p a r a t e d  i n  magni tude .  Thus t h e  neces -  
s i t y  o f  u s i n g  n u m e r i c a l  methods i s  a n t i c i p a t e d .  

E q u a t i o n  ( 1 1 . 5 )  must now be man ipu la t ed  s o  t h a t  t h e  radi-  
c a l  c a n  be  s q u a r e d  away.  S q u a r i n g  b o t h  s i d e s  and r e a r r a n g i n g  
t h e  r e s u l t  g i v e s  

1 - 
2 2 (1 t t a n  T l ) 2  [ g ( e  t a n  T1 - f ) 2  - s2 t a n  T1] 

2 3 T1 - f s 2  t a n  = [ s ( e  t a n  Tl - f ) 2  - es2  t a n  T1] . ( 1 1 . 6 )  

1 
2 
- 

The l e f t  s i d e ,  which i s  now d e f i n e d  t o  b e  (1 t t a n 2  T1) H ,  and 
t h e  r i g h t  s i d e ,  d e f i n e d  t o  b e  N ,  w i l l  b e  s q u a r e d  and s i m p l i f i e d  
s epa ra t e ly ,  and t h e n  combined t o  g i v e  t h e  f i n a l  p o l y n o m i a l ,  
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2 (1 t t a n 2  Tl)H2 - N = 0 .  These c a l c u l a t i o n s  are shown e x p l i c -  

i t l y  on t h e  f o l l o w i n g  pages  i n  F i g u r e s  1 1 . 3  and  1 1 . 4 ,  t h e  p o l y -  
nomia l  i t s e l f  a p p e a r i n g  E q u a t i o n  ( 1 1 . 1 0 ) .  

It s h o u l d  be o b s e r v e d  that  t he  p o l y n o m i a l  has r o o t s  t h a t  
are e x t r a n e o u s  t o  t h e  problem s i n c e  w e  have  s q u a r e d  t w i c e ,  and  
a l s o  t h a t  t h a t  r o o t  t a n  T1 which a c t u a l l y  c o r r e s p o n d s  t o  a 
minimum i n  AVZB does  n o t  u n i q u e l y  s p e c i f y  t h e  optimum a n g l e  TI 
i n  t h e  domain -180" t o  180".  T h e r e f o r e ,  t o  u s e  t h e  p o l y n o m i a l  
one must  : 

( i )  n u m e r i c a l l y  s o l v e  E q u a t i o n  ( 1 1 . 1 0 )  f o r  i t s  s i x  r o o t s  
t a n  T1 

a n g l e s  T1 

s u b s t i t u t e  a l l  r e s u l t i n g  T1's i n t o  E q u a t i o n  ( 1 1 . 2 )  

t o  f i n d  o u t  which one minimizes  AV2B. 

( i i)  f o r  e a c h  of t h e  r e a l  r o o t s  f i n d  t h e  two c o r r e s p o n d i n g  

(iii) 

1 1 . 3  Example S o l u t i o n  

I t  i s  of i n t e r e s t  t o  compare a g r a p h i c a l l y  d e t e r m i n e d  
minimum of A V ~ ~  w i t h  t h e  minimum produced  by  s o l v i n g  t h e  

o p t i m i z a t i o n  po lynomia l  ( 1 1 . 1 0 ) .  

A p l o t  of v e r s u s  T I s  p r e s e n t e d  i n  F i g u r e  11.5, 1 
f o r  which  t h e  parameters 

P = 4.776697" 

F = -3.110090° 

R = 6,185,166.4  f t .  

= 6 ,188 ,483 .0  f t .  

E = 6,086,558.7  f t  / s ec  

GM = 1.7313996 x 1014 f t 3 / s e c  

P 

RC 

2 2 

2 
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were used .  These co r re spond  t o  t y p i c a l  Apollo l u n a r  approach  
parameters. The p l o t  i s  observed  t o  have t h e  optimum v a l u e s  

g r a p h i c a l .  

= 4 . 7 5 O  t - 0 . 0 5 ~  T1, optimum 

= (3025 2 2 )  f t / s e c  *'2B, optimum 

For  t h e  same pa rame te r  v a l u e s ,  a computer s o l u t i o n  
of Equa t ion  (11 .10 )  produced t h e  r e s u l t  

semi-ana ly t  ic .  I = 4 .76360O T1, optimum 

= (3024 .93 )  f ' t / sec  *'2B, optimum 

The agreement  between these  two se t s  v e r i f i e s  t h e  
c o r r e c t n e s s  of Equa t ion  ( 1 1 . 1 0 ) .  
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